Using the coupled cluster method (CCM) we study the zero-temperature phase diagram of a spin-half Heisenberg antiferromagnet (HAF), the so-called J 1 -J ′ 2 model, defined on an anisotropic two-dimensional lattice. With respect to an underlying square-lattice geometry the model contains antiferromagnetic (J 1 > 0) bonds between nearest neighbors and competing (J ′ 2 > 0) bonds between next-nearest neighbors across only one of the diagonals of each square plaquette, the same diagonal in every square. Considered on an equivalent triangular-lattice geometry the model may be regarded as having two sorts of nearest-neighbor bonds, with J ′ 2 ≡ κJ 1 bonds along parallel chains and J 1 bonds providing an interchain coupling. Each triangular plaquette thus contains two J 1 bonds and one J ′ 2 bond. Hence, the model interpolates between a spin-half HAF on the square lattice at one extreme (κ = 0) and a set of decoupled spin-half chains at the other (κ → ∞),
either real (crystal lattice) space 4 or in spin space. 5 We showed in particular how the coupled cluster method (CCM) provided for this highly frustrated model what is perhaps now the most accurate microscopic description. The interested reader is referred to Refs. [4, 5] and references cited therein for further details of the model and the method.
II. THE MODEL
In the light of the above successes we now apply the CCM to the seemingly similar 2D
spin-1/2 J 1 -J ′ 2 model that has been studied recently by other means. 6, 7, 8, 9, 10, 11 Its Hamiltonian is written as
where the operators s i ≡ (s neighboring chains that approaches 90
• . In fact, of course, there is complete degeneracy at the classical level in this limit between all states for which the relative ordering directions of spins on different HAF chains are arbitrary. Clearly the exact spin-1/2 limit should also be a set of decoupled HAF chains as given by the exact Bethe ansatz solution. 17 However, one might expect that this degeneracy could be lifted by quantum fluctuations by the wellknown phenomenon of order by disorder. 18 Just such a phase is known to exist in the J 1 -J 2 model 4,5 for values of J 2 /J 1 0.6, where it is the so-called collinear stripe phase in which, on the square lattice, spins along (say) the rows in Fig. 1 order ferromagnetically while spins along the columns and diagonals order antiferromagnetically, as shown in Fig. 1 
(c).
We note, however, that a corresponding order by disorder phenomenon, if it exists for the present J 1 -J ′ 2 model, would be more subtle than for its textbook J 1 -J 2 model counterpart, as we explain more fully in Sec. V.
In a recent paper Starykh and Balents
10 have given a renormalization group (RG) analysis of the spin-1/2 J 1 -J ′ 2 model considered here to predict that precisely such a collinear stripe phase also exists in this case for values of J ′ 2 /J 1 above some critical value (which they do not calculate). One of the aims of the present paper is to give a fully microscopic analysis of this model in order to map out its T = 0 phase diagram, including the positions and orders of any quantum phase transitions that emerge.
III. THE COUPLED CLUSTER METHOD
The CCM (see, e.g., Refs. [19, 20, 21] and references cited therein) that we employ here is one of the most powerful and most versatile modern techniques in quantum many-body theory. It has been applied very successfully to various quantum magnets (see Refs. [4, 5, 12, 13, 14, 21, 22, 23] and references cited therein). The method is particularly appropriate for studying frustrated systems, for which the main alternative methods are often only of limited usefulness. For example, quantum Monte Carlo techniques are particularly plagued by the sign problem for such systems, and the exact diagonalization method is restricted in practice, particularly for s > 1/2, to such small lattices that it is often insensitive to the details of any subtle phase order present.
The method of applying the CCM to quantum magnets has been described many times elsewhere (see, e.g., Refs. [12, 13, 14, 19, 20, 21] and references cited therein). It relies on build-ing multispin correlations on top of a chosen gs model state |Φ in a systematic hierarchy of LSUBn approximations for the correlation operators S andS that exactly parametrize the exact gs ket and bra wave functions of the system respectively as |Ψ = e S |Φ and Ψ | = Φ|Se −S . In the present case we use three different choices for the model state |Φ , namely either of the classical Néel and spiral states, as well as the collinear stripe state.
Note that for the helical phase we perform calculations for arbitrary pitch angle α ≡ π − φ, and then minimize the corresponding LSUBn approximation for the energy with respect to φ, E LSUBn (φ) → min ⇔ φ = φ LSUBn . Generally (for n > 2) the minimization must be carried out computationally in an iterative procedure, and for the highest values of n that we use here the use of supercomputing resources was essential. Results for φ LSUBn will be given later (Fig. 3) . We choose local spin coordinates on each site in each case so that all spins in |Φ , whatever the choice, point in the negative z-direction (i.e., downwards).
Then, in the LSUBn approximation all possible multi-spin-flip correlations over different locales on the lattice defined by n or fewer contiguous lattice sites are retained. Clearly, in the present case we have a choice whether to consider the model to be defined on the square lattice (shown in Fig. 1 ) or to consider it on the (topologically equivalent) triangular lattice, as discussed in Sec. II. Although these two viewpoints are completely equivalent for a description of the model, they differ for the purposes of defining the LSUBn approximations.
Thus, for example, each pair of sites joined by a J ′ 2 bond are NNN pairs on the square lattice but are NN pairs on the triangular lattice. Hence, such a (NN on the triangular lattice) double spin-flip configuration is contained in LSUBn approximations on the square lattice only for n ≥ 3, whereas it is contained at the LSUBn level on the triangular lattice for n ≥ 2. Whereas both LSUBn hierachies agree in the n → ∞ limit they will differ for finite values of n. In general there are clearly more multi-spin-flip configurations retained at a given LSUBn level on the triangular lattice than on the square lattice, and in the present paper we consider only the triangular case.
The numbers of such distinct fundamental configurations on the triangular lattice (viz., those that are distinct under the space and point group symmetries of both the Hamiltonian and the model state |Φ ) that are retained for the collinear stripe and spiral states of the current model in various LSUBn approximations are shown in Table I . The coupled sets of equations for these corresponding numbers of coefficients in the operators S andS are derived using computer algebra 24 and then solved 24 using parallel computing. We note that It is important to note that we never need to perform any finite-size scaling, since all CCM approximations are automatically performed from the outset in the infinite-lattice limit, N → ∞, where N is the number of lattice sites. However, we do need as a last step to extrapolate to the n → ∞ limit in the LSUBn truncation index n. We use here the well-tested 12,13 empirical scaling laws
that have given good results previously, for example, for the interpolating triangle-kagomé HAF 12 and the interpolating square-honeycomb HAF. 13 We comment further on the accuracy of the extrapolations in Sec. V where we present a discussion of our results.
IV. RESULTS
We report here on CCM calculations for the present spin-1/2 J 1 -J ′ 2 model Hamiltonian of Eq. (1) for given parameters (J 1 = 1, J ′ 2 ), based respectively on the Néel, spiral and stripe states as CCM model states. Our computational power is such that we can perform LSUBn calculations for each model state with n ≤ 8. We note that, as has been well documented in the past, 25 the LSUBn data for both the gs energy per spin E/N and the onsite magnetization M converge differently for the even-n sequence and the odd-n sequence, similar to what is frequently observed in perturbation theory. 26 Since, as a general rule, it is desirable to have at least (n + 1) data points to fit to any fitting formula that contains n unknown parameters, we prefer to have at least 4 results to fit to Eqs. (2) and (3). Hence, for most of our extrapolated results below we use the even LSUBn sequence with n = {2, 4, 6, 8}.
We report first on results obtained using the spiral model state. While classically we have a second-order phase transition from Néel order (for κ < κ cl ) to helical order (for κ > κ cl ), where κ ≡ J ′ 2 /J 1 , at a value κ cl = 0.5, using the CCM we find strong indications of a shift of this critical point to a value κ c 1 ≈ 0.80 in the spin-1/2 quantum case. Thus, for example, curves such as those shown in Fig. 2 show that the Néel model state (φ = 0)
gives the minimum gs energy for all values of κ < κ c 1 where κ c 1 is also dependent on the level of LSUBn approximation, as we also see below in Fig. 3 . By contrast, for κ > κ c 1 the minimum in the energy is found to occur at a value φ = 0. If we consider the pitch We find in the LSUBn quantum case with n > 2 a seemingly first-order phase transition (e.g., for
LSUB8 at J ′ 2 ≈ 0.796 where φ LSUB8 jumps abruptly from zero to about 0.14π), although also see the text for a broader discussion of the nature of the quantum phase transition. By contrast, in the classical case there is a second-order phase transition at J ′ 2 = 0.5.
the LSUB6 curves develop a secondary minimum at a value φ = 0 which is also the global minimum.
The state for φ = 0 is believed to be the quantum analog of the classical spiral phase.
The fact that Néel order survives beyond the classically stable region is an example of the promotion of collinear order by quantum fluctuations, a phenomenon that has been observed in many other systems (see, e.g., Refs. [13, 27] ). Thus, this collinear ordered state survives for the quantum case into a region where classically it is already unstable. Indeed, one can view this behavior more broadly as another example of the more general phenomenon of order by disorder 18 that we have briefly alluded to above, in which quantum fluctuations act to select and stabilize an appropriate type of order (that is typically collinear) in the face of classical degeneracy or near-degeneracy.
It is also particularly interesting to note that the crossover from one minimum (φ = 0, Néel) solution to the other (φ = 0, spiral) appears (except for the LSUB2 case) to be quite abrupt (for all other LSUBn cases with even n > 2) at this point (and see Figs. has also been seen previously in the comparable spin-1/2 HAF model that interpolates continuously between the square and honeycomb lattices. 13 However, due to the extreme insensitivity of the energy to the pitch angle near the phase transition, as discussed above,
we cannot rule out a continuous but very steep rise in pitch angle as the transition from the Néel phase into the spiral phase is transversed. All of the available evidence to date indicates that the transition at κ c 1 is subtle and may actually be second-order. Further evidence for the position κ c 1 and nature of the Néel-spiral quantum phase transition also comes from the behavior of the on-site magnetization that we discuss below.
Before doing so, however, we wish to make some further observations on Figs. 2 and 3. We note first from for the spiral angle, which corresponds to the correct 120
• three-sublattice ordering. The fact that all LSUBn approximations give exactly this value is a consequence of us defining the LSUBn configurations on the triangular lattice (rather than the square lattice), and is a reflection of the exact triangular symmetry that is thereby preserved by our approximations. It is also interesting to note that for values of κ > 1 the quantum spiral angle φ approaches the asymptotic (κ → ∞) value of π 2 much faster than does the classical angle. This is a first indication again, in this limit, of quantum fluctuations favoring collinear order (along the weakly coupled chains in this limit).
We note from that minimizes E LSUBn (φ). We also show the n → ∞ extrapolated result from using Eq. (2).
only for 0.24π φ ≤ 0.5π. In this case the stable ground state is a spiral phase, and now if we attempt to move too close to Néel collinearity the real solution terminates.
Such terminations of CCM solutions are very common and are very well documented.
21
In all such cases a termination point always arises due to the solution of the CCM equations becoming complex at this point, beyond which there exist two branches of entirely unphysical complex conjugate solutions. 21 In the region where the solution reflecting the true physical solution is real there actually also exists another (unstable) real solution. However, only the (shown) upper branch of these two solutions reflects the true (stable) physicsl ground state, whereas the lower branch does not. The physical branch is usually easily identified in practice as the one which becomes exact in some known (e.g., perturbative) limit. This physical branch then meets the corresponding unphysical branch at some termination point (with infinite slope on Fig. 2 ) beyond which no real solutions exist. The LSUBn termination points are themselves also reflections of the quantum phase transitions in the real system, and may be used to estimate the position of the phase boundary, 21 although we do not do so for this first critical point since we have more accurate criteria discussed below.
Thus, in Figs. 4 and 5 we show the CCM results for the gs energy and gs on-site magnetization, respectively, where the helical state has been used as the model state and the angle φ chosen as described above. For both quantities we show the raw LSUBn data for n = {2, 4, 6, 8} and the extrapolated (LSUB∞) results obtained from them by using Eqs. (2) and (3) respectively. Firstly, the gs energy (in Fig. 4) shows signs of a (weak) discontinuity in slope at the critical values κ c 1 discussed above. These values for κ c 1 themselves depend weakly on the approximation level.
Secondly, the gs magnetic order parameter in Fig The CCM results using the spiral model state are shown for various LSUBn approximations (n = {2, 4, 6, 8}) with the spiral angle φ = φ LSUBn that minimizes E LSUBn (φ). We also show the n → ∞ extrapolated result from using Eq. (3).
linked-cluster series expansion technique. They found that while a nonzero value of the Néel staggered magnetization exists for 0 ≤ κ 0.7, the region 0.7 κ 0.9 has zero on-site magnetization, and for κ 0.9 they found evidence of spiral order. Nevertheless, their results came with relatively large errors, especially for the spiral phase, and we believe that our own results are probably intrinsically more accurate than theirs.
As a further indication of the accuracy of our results we show in Table II data for the triangular lattice. Results are given for the gs energy per spin E/N, and the magnetic order parameter M. We also display our extrapolated (n → ∞) results using the schemes of Eqs. (2) and (3) By contrast, the nodal structure of the gs wave function is not exactly known for the spin-1/2 triangular-lattice HAF, and the QMC minus-sign problem cannot now be avoided for such frustrated spin systems. The QMC results shown 29 for the triangular lattice in Table II were performed using a Green's function Monte Carlo method with a fixed-node approximation that was then relaxed in a controlled but approximate way using a stochastic reconfiguration technique. For the triangular lattice case we also show results in Table II TABLE II : Ground-state energy per spin and magnetic order parameter (i.e., the on-site magnetization) for the spin-1/2 HAF on the square and triangular lattices. We show CCM results obtained for the J 1 -J ′ 2 model with J 1 > 0, using the spiral model state in various LSUBn approximations defined on the triangular lattice geometry, for the two cases κ ≡ J ′ 2 /J 1 = 0 (square lattice HAF, φ = 0) and κ = 1 (triangular lattice HAF, φ = π 3 ). We compare our extrapolated (n → ∞) results using Eqs. (2) and (3) 17 By contrast, the extrapolated magnetic order parameter at large J ′ 2 seems to approach a constant value M ≈ 0.10, by contrast with the exact value of zero 17,33 in this limit. We note that the 1D anisotropic XXZ chain with anisotropy parameter ∆ has an essential singularity for M → 0 at the isotropic point ∆ → 0 and this is extremely difficult to mimic in any truncated numerical calculation. We note, however, that in the regime 1 κ 2 the order parameter M decreases almost linearly, and if this linear decrease were to be extended M would become zero at a value κ ≈ 3.5.
We turn finally to our CCM results based on the stripe state as CCM gs model state |Φ .
The LSUBn configurations are again defined with respect to the triangular lattice geometry, such that for κ < κ t no real solution for the stripe phase exists. In particular the LSUB6 and LSUB8 solutions terminate at the values shown in Table III . As is often the case the LSUB2 solution does not terminate, while the LSUB4 solution shows a marked change in character around the value κ ≈ 0.880 that is not exactly a termination point (but, probably, rather reflects a crossing with another unphysical solution). In any event, the LSUB4 data are not shown below this value in Figs. 6 and 7.
The large κ limit of the energy per spin results of Fig. 6 again agrees with the exact 1D chain result of E/N = −0.4431J ′ 2 , just as in Fig. 4 for the spiral phase. However, the most important observation is that for all LSUBn approximations with n > 2 the curves for the energy per spin of the stripe phase cross with the corresponding curves (i.e., for the same The CCM results using the stripe model state are shown for various LSUBn approximations (n = {2, 4, 6, 8}). We also show the n → ∞ extrapolated result from using Eq. (3). value of n) for the energy per spin of the spiral phase at a value that we denote as κ e . Thus, for κ < κ e the spiral phase is predicted to be the stable phase (i.e., lies lowest in energy), whereas for κ > κ e the stripe phase is predicted to be the stable ground state. We thus have a clear first indication of another (first-order) quantum phase transition in the spin-1/2 Figure 8 shows the energy difference between the stripe and spiral states for various LSUBn calculations, and some indicative values near the crossing values κ e are also shown in Table III. As we remarked in Sec. II, the stripe phase is never the stable classical ground state since it always lies higher in energy than the spiral phase. Indeed, it is easy to show that the classical gs energy per spin, written as e ≡ E(Ns we have shown at the quantum level is that quantum fluctuations can change the sign of ∆e at some critical value κ = κ c 2 such that the collinear stripe phase becomes stabilized for all κ > κ c 2 . However, the energy differences ∆e in this regime are found to be extremely small, as may be seen from Fig. 8 , and hence the stripe phase is predicted to be very fragile against small perturbations or thermal fluctuations, for example. Nevertheless, we should stress that the LSUBn energy differences displayed in Fig. 8 are well within (by several orders of magnitude) the margins of error in our individual calculations.
Clearly, the LSUBn energy crossing points κ e (n) at which ∆e LSUBn = 0 provide a measure of κ c 2 . In the past we have found that a simple linear extrapolation, κ = c 0 + c 1 n −1 , yields a good fit to such critical points, and this seems to be the case here too. The corresponding "LSUB∞" estimate from the κ e LSUBn data of Table III with n = {4, 6, 8} gives an estimate κ c 2 ≈ 1.69 ± 0.03, where the error is the standard deviation in the fit. A similar linear extrapolation on the LSUBn stripe-phase termination points κ t with n = {6, 8} gives a second estimate κ c 2 ≈ 1.69, in remarkably good agreement with the first estimate. We note too that we can, of course, also obtain another estimate of κ e from the crossing point of the two extrapolated (LSUB∞) gs energy curves for the spiral and stripe-ordered phases (i.e., using Eq. (2) in each case), shown in Figs. 4 and 6 respectively, and it is this LSUB∞ result that is displayed in Fig. 8 . Since the two curves cross at such a very shallow angle, and since both curves are extrapolated completely independently of one another, we expect that this estimate for κ e is perhaps intrinsically less accurate than the one discussed above.
Nevertheless, it is very gratifying that the value so obtained for the crossing point of the two extrapolated (LSUB∞) gs energy curves, namely κ e ≈ 2.19, is rather close to the previous value, considering that the two curves are almost parallel to one another in the crossing region. The difference in the two estimates for κ e of about 1.7 and 2.2 is itself an indication of the error in these estimates in this incredibly difficult regime where the two phases lie so close in energy to one another. Nevertheless, we reiterate that the CCM retains sufficient accuracy for both the spiral and stripe phases individually (both in the raw LSUBn data and in the extrapolated LSUB∞ results for each phase) to ensure that, even though the corresponding estimates for the energy difference ∆e are small in the crossing regime and for values of κ > κ c , they are still sufficiently large to be well within our limits of accuracy.
Finally, from Fig. 7 we see the corresponding results for the magnetic order parameter of the stripe phase. The large-κ limit of uncoupled 1D spin-1/2 chains is identical to that for the spiral phase, and hence suffers from the same (known) problem of not giving the correct M = 0 result in this limit. However at smaller values of κ the order parameter decreases and becomes zero at some critical value κ m (n) that depends on the LSUBn approximation.
The extrapolated (n → ∞) result obtained in the usual way from Eq. (3) is also shown in Fig. 7 and is seen to become zero at a value κ m ≈ 1.43. Since the phase transition at κ = κ c 2 is clearly of first-order type from the energy data, the magnetization data provide us only with an inequality κ c 2 ≥ κ m .
In summary, although it is difficult to put firm error bars on our results for our predicted second critical point, our best current estimate, based on all the above results, is κ c 2 =
1.8 ± 0.4.
V. DISCUSSION AND CONCLUSIONS
In this paper we have used the CCM to study the influence of quantum fluctuations on the zero-temperature gs phase diagram of a spin-half Heisenberg antiferromagnet, the
model, defined on an anisotropic 2D lattice. We have studied the case where the NN J 1 bonds are antiferromagnetic (J 1 > 0) and the competing J By contrast, for frustrated spin-lattice models in two dimensions both the QMC and ED techniques face formidable difficulties. These arise in the former case due to the "minus-sign problem" present for frustrated systems when the nodal structure of the gs wave function is unknown, and in the latter case due to the practical restriction to relatively small lattices imposed by computational limits. The latter problem is exacerbated for incommensurate phases, and is compounded due to the large (and essentially uncontrolled) variation of the results with respect to the different possible shapes of clusters of a given size.
Thus, for highly frustrated spin-lattice models like the present J 1 -J ′ 2 model, the best alternative numerical method to the CCM is the linked-cluster series expansion (SE) technique. 9, 11, 36, 37, 38 The SE technique has also been applied to the present model. 9, 11 The earlier study 9 mainly dealt with the Néel and spiral phases. Unlike in that work we find no evidence at all for an intermediate (dimerized) phase between the Néel and spiral phases in the parameter regime 0.7 κ 0.9. The very recent SE study 11 was motivated by the prediction of Starykh and Balents 10 for the existence of a stable collinear stripe-ordered gs phase for values of κ above some critical value that they did not calculate. The SE study showed that although the collinear stripe phase was stabilized for large values of κ relative to the classical result, nevertheless in their calculations the non-collinear helical phase was still always lower in energy. Hence, they could not confirm the existence of the stripe-ordered phase. They concluded by suggesting that further unbiased ways of studying the competition between the spiral and stripe phases would be useful. We believe that the present CCM calculations provide exactly such unbiased results, which now do indeed appear to confirm the prediction of Starykh and Balents.
We end by remarking that it would also be of interest to repeat the present study for the case of the spin-one J 1 -J ′ 2 model. The calculations for this case are more demanding due to an increase at a given LSUBn level of approximation in the number of fundamental configurations retained in the CCM correlation operators. Nevertheless, we hope to be able
